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Abstract
In 2008 the Jefferson Laboratory Fpi Collaboration released results for the pion electromagnetic form factor, which they
extracted from pion electro-production data. The measured values for the pion form factor are model dependent, and
require the use of the Vanderhaeghen, Guidal and Laget Regge Model for their extraction. While agreement between
this model and data is impressive, the theoretical implementation of gauge invariance is less satisfying. We would like
to establish how well the extracted form factor corresponds to the true form factor. To do this, we use a simple toy
model, which imposes gauge invariance in a more theoretically satisfying way. The model form factor is extracted from
our model cross section using the method employed by the Fpi Collaboration to extract the experimental pion form
factor. We conclude that the reconstructed model form factor is a reasonable representation of the true model form
factor for the kinematics chosen, although we note that the extracted form factor is smaller than the true form factor.
This suggests that current extracted values of pion form factor may be overestimated.
1. Introduction
The pion is the pseudo Goldstone Boson associated
with the dynamical breaking of the approximate chiral
symmetry of QCD. Because of its characteristically light
mass, the pion yields the longest range contribution to low
energy hadronic observables. This dominance at low en-
ergies means both that the pion is the most easily studied
meson and also that a deep understanding of the pion is
necessary to investigate the low energy, non-perturbative
behavior of QCD.
One clear window into the complicated behaviour of
the pion is its electromagnetic form factor, Fpi(Q
2). This
Lorentz invariant structure function encodes the non-pertur-
bative behaviour of the electromagnetically charged par-
tons inside the pion and may be related to the the pion’s
transverse charge distribution [1]. Many different com-
plementary theoretical descriptions exist of the pion form
factor. At low photon virtuality, the pion form factor may
be calculated from first principles using Lattice QCD but
as the photon virtuality increases the extraction of the
pion form factor becomes more difficult. Novel techniques
have allowed extraction of the pion form factor out to
about 6 GeV2 [2]. Models based on QCD may be ex-
tended to higher momenta. For example, the pion elec-
tromagnetic form factor was reasonably well predicted in
the NJL Model [3]. More complicated models, based on
the Dyson-Schwinger approch are also able to predict to
good accuracy the current experimental data [4]. Finally,
in the large momentum limit, the result of Lepage and
Brodsky [5] is expected to hold :
Q2Fpi(Q
2)→ 16pif2piαs(Q2), (1)
where fpi ≈ 0.132 GeV is the pion decay constant, and
αS(Q
2) is the strong coupling constant. Since this result
is derived in the context of perturbative QCD, probing
the high momentum behaviour of Fpi gives information
on the transition from the non-perturbative regime to the
perturbative regime in QCD. Agreement with this relation
would give confidence that the asymptotic limit of QCD
is understood. As is shown below in Fig. 1, the current
data indicates that we have not yet probed high enough
energies for the above relation to hold.
The pion form factor is also an experimentally difficult
observable to measure at larger momenta. At low photon
virtuality, the pion form factor may be measured directly
from elastic e−+pi+ scattering. However, due to kinematic
limitations of the pion beam, this approach only allows an
extraction of the pion form factor up to approximately 0.3
GeV2 [6]. Thus for larger momentum transfer values, an-
other technique must be used. We call this region between
the failure of direct measurement in e− + pi+ scattering
and the onset of perturbative QCD the intermediate mo-
mentum region (see Fig. 1). Modern extractions of the
pion electromagnetic form factor in this intermediate re-
gion utilize pion electro-production.
In pion electro-production, information about the pion
form factor is obtained by scattering an electron off the
pion cloud of the nucleon. There are a number of compli-
cations to this approach which must be addressed in order
to extract the pion form factor from this process.
Firstly, there is an interference between the t-channel
term, which contains the pion form factor, and the s- and
u-channel terms, which contain the nucleon form factors.
Thus any extraction of the pion form factor from this pro-
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Figure 1: (Colour online) Experimental data for the pion electro-
magnetic form factor. Low energy data (shown in the green region)
is taken from Ref. [6], and intermediate energy data (shown in the
orange region) is taken from Ref. [7]. Note that the intermediate
momentum region is defined to be the region between the failure
of direct measurement of e−pi+ elastic scattering and the scale at
which perturbative QCD becomes applicable. For comparison, the
asymptotic limit of the electromagnetic form factor is also shown.
The energy scale at which this result becomes applicable is still an
open question.
cess must understand how these interference terms effect
the overall measured cross section.
Secondly, the pion is initially, off-shell. The pion’s vir-
tuality is measured by the t Mandelstam variable. Impor-
tantly, due to the kinematics of pion electro-production,
t is kinematically constrained to be negative, whereas the
on-shell pion form factor should be obtained by probing
an on-shell pion, that is, at t = m2pi > 0. Thus, while it
is clear that this process should be able to give us infor-
mation about the pion form factor, it is not immediately
obvious how closely related the off-shell pion is to the on-
shell pion measured in direct e− + pi+ scattering. Previ-
ously, this question has been addressed in the context of
a Bethe-Salpeter approach [8]. There, the authors found
that the ‘pion form factor’ increased in magnitude as the
pion deviated further off-shell. We place pion form fac-
tor in quotes here to emphasise, as do the authors of the
paper, that one may only truly talk about the pion form
factor when the pion is on-shell, since there is no unique
definition of an off-shell state. This result would seem to
indicate that care must be taken when extracting the pion
form factor to ensure that variation of the pion form factor
due to pion’s ‘off-shellness’ is minimized.
In order to extract the pion form factor from the electro-
production data, a model of the differential cross section
must be used. The Fpi Collaboration use the Vander-
haeghen, Guidal and Laget (VGL ) Model, a Regge Model
in which the pole-like propagators of a Born Term Model
are replaced by Regge propagators where the single parti-
cles are replaced by the exchange of a family of particles
with the same internal quantum numbers. In order to in-
corporate the extended structure of the pion in the VGL
Model, the pion’s electromagnetic form factor is included
in the matrix element, which is given by
iMµVGL = iMµRFpi(Q2), (2)
where iMµR is the Reggized gauge invariant amplitude for
the scattering of point-like nucleons and pions, and Fpi(Q
2)
is the electromagnetic form factor. A second term de-
scribes the exchange of a rho meson instead of the pion
in the t-channel, but it is irrelevant for the point we are
trying to make, so we ignore it here. This matrix element
leads to a differential cross section of the form(
dσL
dt
)
VGL
=
(
Fpi(Q
2)
)2 (dσL
dt
)
R
, (3)
where (dσL/dt)R is termed the longitudinal cross section,
obtained from the matrix element iMµR. In principle, only
the t-channel diagram can contribute to the form factor
Fpi(Q
2), since the s- and u-channel diagrams give informa-
tion about the nucleon form factors. To write the matrix
element as is done above, one must approximate the pion
and proton Dirac form factors to be equal. For a compar-
ison of the relevant pion and proton form factors in the
region probed by pion electro-production, see Fig. 2.
Following the above discussion, we now wish to test
whether this approximation leads to inconsistencies in the
extracted pion form factor. To do this, we choose a simple
toy model, which allows us to calculate form factors and
cross section exactly. We then use the method employed by
the Fpi Collaboration to attempt to extract the toy model’s
pion form factor from our cross section. This allows us to
see how well we are able to extract the form factor us-
ing this approach. While the use of a toy model prevents
us from making direct statements about the physical ex-
tracted pion form factor, we suggest that the conclusions
drawn from our toy model may carry over qualitatively to
the physical form factor.
2. Kinematics and Preliminaries
Before discussing the VGL Model in more detail, we
first introduce our conventions for kinematic variables and
structure functions. We label external momenta as shown
in Fig. 3, where overall momentum conservation gives
p + q = p′ + ppi. This convention for external particle
momenta determines how momentum flows into the loop
diagrams.
p
q
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time
Figure 3: Hadronic component on pion electro-production in the
one-photon exchange approximation (o.p.e.a.). Overall conservation
of momentum gives p + q = p′ + ppi . This sets the direction of the
external momenta.
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Figure 2: (Colour online) Comparison of the pion electromagnetic
form factor with the proton and neutron Dirac form factors. As
is conventional, we have parameterised the pion form factor with
a monopole form Fpi(Q2) = (1 + Q2/Λ2pi)
−1, while we parame-
terise the proton Dirac form factor with a dipole form F p1 (Q
2) =
(1 + Q2/Λ2p)
−2. For the neutron, we use the Galster parameteriza-
tion [9]. The parameters Λpi and Λp may be related to the electro-
magnetic charge radius of the respective particle. The shaded regions
correspond to the same momentum regions shown in Fig. 1.
We define the Mandelstam variables
s = p2s = (p+ q)
2 = (p′ + ppi)2 ≡W 2, (4)
t = p2t = (ppi − q)2 = (p− p′)2, (5)
u = p2u = (p− ppi)2 = (p′ − q)2. (6)
Finally, we define Q2 = −q2 so that spacelike momenta are
positive. These three momenta (Q2, W and t) allow one
to fully describe the cross section. The measured unpolar-
ized differential cross section may be separated according
to the polarization states of the virtual photon into trans-
verse (T ), longitudinal (L) polarizations, as well as two
interference terms (LT and TT ) [10]:
(2pi)
d2σ
dtdφ
=
dσT
dt
+ 
dσL
dt
+
√
2(+ 1)
dσLT
dt
cosφ+ 
dσTT
dt
cos 2φ,
(7)
where  is a measure of the virtual photon polarization,
and is related to experimental quantities via
 =
(
1 +
2|~q|2
Q2
tan2
θe
2
)−1
, (8)
~q is the three-momentum of the virtual photon, and θe
is the angle between the initial and final electron three-
momentum. This decomposition is important because it is
well known that the t-channel pion exchange diagram dom-
inates the longitudinal differential cross section dσL/dt [11].
It has been shown previously that rho meson exchange is
suppressed in the longitudinal cross section by approxi-
mately an order of magnitude (see Fig. 4, Ref. [12]). Thus
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Figure 4: Born Term Model for pion electro-production. The pion
form factor is measured in pion electroproduction via the t-channel
diagram. The second t-channel diagram corresponds to the exchange
of a virtual rho meson. There is no u channel diagram because in
our effective field theory, the neutron is neutral at tree level.
a model which precisely predicts the longitudinal differen-
tial cross section has a good chance of extracting the pion
form factor.
3. The VGL Model
Before proposing alternative approaches, we must first
understand the VGL Model. Originally developed by Van-
derhaeghen Guidal and Laget as a model of pion photo-
production [13], it was quickly realized that the general-
ization to electro-production was straightforward, leading
to the so-called VGL Model [12]. The VGL Model is based
on the t-channel pion exchange Born Diagram, shown in
Fig. 4. The t-channel diagram is not gauge invariant on
its own, and requires the inclusion of the s-channel and
Kroll-Ruderman terms to restore gauge invariance. The t-
channel diagram in which a rho meson is exchanged instead
of a pion is also included. This diagram is independently
gauge invariant, so no accompanying diagrams must be
added to preserve gauge invariance. In order to improve
agreement between the model and data, the pion propaga-
tor is Reggeized, which amounts to replacing the pion and
rho meson propagators S
pi/ρ
F (t) with its Reggeized version
S
pi/ρ
R (t). In order to understand the VGL Model, it helps
to begin by examining the Born Term Model upon which
it is based.
3.1. The Born Tern Model
Using the Feynman Rules outlined in Ref. [14], we can
show that the Born Term Model (BTM) arising from this
Lagrangian is given by
iMµBTM = iMµs + iMµt + iMµK.R., (9)
where the associated diagrams are given in Fig. 4. We have
ignored the rho meson term shown above, as it is gauge
invariant on it’s own, and adds nothing to the understand-
ing of the VGL Model. The three terms are denoted iMµs ,
iMµt and iMµK.R., respectively:
3
iMµs =
gA√
2fpi
uN (p
′, s′)γ5/ppiS
N
F (ps) (10)
× (−ieγµ)uN (p, s), (11)
iMµt =
gA√
2fpi
uN (p
′, s′)γ5/ptuN (p, s)S
pi
F (pt) (12)
× (−ie)(pt + ppi)µ, (13)
iMµK.R. =−
gAe√
2fpi
uN (p
′, s′)γ5γµuN (p, s). (14)
Thus the Born Term Model matrix element is
iMµBTM =
gA√
2fpi
uN (p
′, s′)γ5/ppiS
N
F (ps)(−ieγµ)uN (p, s)
+
gA√
2fpi
uN (p
′, s′)γ5/ptuN (p, s)S
pi
F (pt)
× (−ie)(pt + ppi)µ
− gAe√
2fpi
uN (p
′, s′)γ5γµuN (p, s).
(15)
3.2. Transforming the Born Term Model to the VGL Model
One may obtain the VGL Model by first Reggeizing
this amplitude, and then further multiplying the ampli-
tude by the pion form factor. Importantly, in replac-
ing the Feynman propagators with their Regge versions,
gauge invariance must be preserved. One may understand
the Reggeization of the amplitude used in the VGL Model
as the multiplication of the Born Term Model amplitude
by a single momentum dependent factor Spi−1F (pt)S
pi
R(pt),
where SpiF (pt) is the Feynman propagator, and S
pi
R(pt) is
the Reggeized pion proagator. Thus
iMµR = Spi−1F (pt)SpiR(pt)
[
iMµBTM
]
. (16)
More will be said about this procedure later. In partic-
ular, we will explain why it is helpful to think of the
Reggeization step a multiplicative procedure on the am-
plitude. Reggeizing the amplitude in this way leads to the
Reggeized matrix element iMµR:
iMµR =
gA√
2fpi
uN (p
′, s′)γ5/ppiS
N
F (ps)S
pi−1
F (pt)S
pi
R(pt)
× (−ieγµ)uN (p, s)
+
gA√
2fpi
uN (p
′, s′)γ5/ptuN (p, s)S
pi
R(pt)
× (−ie)(pt + ppi)µ
− gAe√
2fpi
uN (p
′, s′)Spi−1F (pt)S
pi
R(pt)γ5γ
µuN (p, s).
(17)
The pion form factor is then introduced as
iMµVGL = iMµRFpi(Q2), (18)
where Fpi(Q
2) is the electromagnetic form factor. Having
briefly discussed the VGL Model, we will now explain the
process by which the pion form factor is extracted from
experimental data.
3.3. Fitting the VGL Model to Data
We can now summarize the procedure used by the Fpi
Collaboration to fit the VGL Model to experimental data.
The functional form of the pion form factor is taken to be
the monopole form:
Fpi(Q
2) =
1
1 +Q2/Λ2pi
, (19)
and the transition form factor for the ρ is assumed to have
the same functional form:
Fγρpi(Q
2) =
1
1 +Q2/Λ2ρ
, (20)
where Λ2pi and Λ
2
ρ are the only free parameters in the model.
As mentioned previously, the longitudinal cross section is
insensitive to the rho meson, so effectively only Λ2pi must
be fit to obtain the longitudinal cross section.
The differential cross section is first measured at a
range of Q2 and W values for small |t|, and then each
longitudinal cross section data point is fit independently
to the VGL Model. Thus for each data point, there is a
corresponding extracted Λ2pi. This is shown in the second
plot of Fig. 5. Note that in general, data points measured
at smaller values of t tend to result in larger values of Λ2pi,
and thus larger values of Fpi(Q
2). It has been suggested
that this is due to interfering backgrounds not included
in the VGL model [7]. In practice, an extrapolation of
Λ2pi to the minimum allowed t value is performed and it is
this value of Λ2pi which is taken to correspond to the best
estimate of Fpi(Q
2). These values are shown in Fig. 1.
While the agreement between the VGL Model and data
is quite good, as we have shown, there is room to im-
prove the implementation of gauge invariance. We aim
to understand whether it is worth improving the imple-
mentation of gauge invariance, by studying whether the
current approach can successfully extract the form factor
in a toy model. To do this, we must first understand the
constraints placed on the amplitude by gauge invariance.
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Figure 5: Plots adapted from the Fpi Collaboration’s extraction of
the pion form factor (Ref. [7], Fig. 2, Fig. 5). The top plot shows
the fitted longitudinal cross section, compared to experimental data.
Note that the theory curve for the longitudinal cross section is plotted
for a single value of Λ2pi to demonstrate the general agreement of the
VGL Model with data. As explained, when performing the extrac-
tion, the model is fit to each data point independently. The bottom
plot shows the corresponding extracted values of Λ2pi . The best fit
value for Λ2pi for this set of kinematics is Λ
2
pi = 0.458 ± 0.031+0.255−0.068
GeV2 [7].
4. Gauge Invariance and the Ward Green Taka-
hashi Identities
We are interested in extracting the pion electromag-
netic form factor in the intermediate Q2 region. In lieu of
an exact solution from QCD, we can attempt to build a
model for the interaction. In this case, respecting the sym-
metries of the fundamental theory is essential. The elec-
tromagnetic gauge symmetry is one such symmetry which
is exactly respected in pion electro-production. We can
thus use this condition to constrain the form of the pion
electro-production amplitude. We begin by recalling some
basic facts about electromagnetic gauge invariance.
In QED, it is well known that the gauge invariance of
the interaction is expressed through relationships between
the n and n + 1 point Green’s functions. These identi-
ties are collectively referred to as the Ward Green Taka-
hashi Identities [15, 16, 17]. In Ref. [18] Nishijima showed
that the Ward Green Takahashi identities are satisfied for
a general gauge invariant Lagrangian, independent of the
explicit form. The implication of this is that in an effective
field theoretic description of pion electro-production, the
Ward Green Takahashi Identities from QED must be sat-
isfied. The generic form for these identities in momentum
space is
qµΓ
µ...
n (p, . . . ; q) = Φn(Γn−1,Γn−2, . . . ,Γ2), (21)
where qµ is an external boson momentum contracted with
the appropriate Lorentz index of a Green’s function. These
identities equate this contraction to a combination of lower
Green’s functions, denoted symbolically here by Φn. In
particular, we are interested in
− iqµΓµ(p, p′) = S−1F (p′)− S−1F (p), (22)
and
−iqµ∆µ(q; ppi, p′, p) =Γ(ppi − q, p′, p) + Γ(ppi, p′ − q, p)
− Γ(ppi, p′, p+ q),
(23)
where Γµ and SF (p) are the renormalized vertices and
propagators, respectively, and ∆µ and Γ are the vector
four-point and scalar three-point vertices, respectively. For
a bosonic particle, the most general forms are:
SF (p) =
i
p2 −m2 − Σ(p2) , (24)
Γµ(p, p′) =(p+ p′)µf1(p2, p′2, q2) + (p− p′)µf2(p2, p′2, q2) .
(25)
The equations for a fermionic particle are more compli-
cated (the most general form of the self energy contains
two Lorentz invariant functions, and the most general ver-
tex may be decomposed into twelve Lorentz invariant func-
tions). In this paper, we consider a model in which all par-
ticles involved in the interaction are bosonic, so we make
no further mention of the fermionic case.
Importantly, the Ward Green Takahashi Identities are
also satisfied order-by-order in perturbation theory. In this
case, the full propagators and vertices are replaced with
their approximations, valid at the specific order of pertur-
bation theory being calculated. Not only are they an im-
portant check of the model’s validity, but gauge invariance
is essential in ensuring renormalisability and unitarity of
the theory.
5. Gauge Invariance in the VGL Model
The Ward Green Takahashi Identities are valid for ar-
bitrary matrix elements. In the limit that the external par-
ticles are on their respective mass shells, one can show that
the Ward Green Takahashi Identity for the pion electro-
production amplitude reduces to
qµMµ = 0 . (26)
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In any gauge invariant model, this property must be up-
held, to ensure that current conservation has been pre-
served. One can show that the VGL Model does indeed
satisfy this requirement. Since it is central to our discus-
sion of the appropriateness of the pion form factor in the
VGL Model amplitude, we will show how gauge invari-
ance is satisfied in this model. To begin with however, we
consider the simpler case of the Born Term Model.
5.1. Gauge Invariance in the Born Term Model
The Born Term Model is defined by the matrix element
iMµBTM =
gA√
2fpi
uN (p
′, s′)γ5/ppiS
N
F (ps)(−ieγµ)uN (p, s)
+
gA√
2fpi
uN (p
′, s′)γ5/ptuN (p, s)S
pi
F (pt)
× (−ie)(pt + ppi)µ
− gAe√
2fpi
uN (p
′, s′)γ5γµuN (p, s).
(15)
We consider contracting qµ into this matrix element:
iqµMµBTM =
gAe√
2fpi
uN (p
′, s′)
[
γ5/ppi
(/ps +mN )
s−m2N /
q
+ γ5/pt
q · (pt + ppi)
t−m2pi
− γ5/q
]
uN (p, s).
(27)
After some algebra, one arrives at
iqµMµBTM =
gAe√
2fpi
uN (p
′, s′)γ5
[
/ppi − /pt − /q
]
uN (p, s).
(28)
By noting that pt = ppi − q, it is possible to see that the
hadronic current is conserved. Note that this is true even
for q2 6= 0, as it must be. Importantly though, tracing
the origins of the terms back, it is possible to see that a
cancellation occurs between the t, s and Kroll-Ruderman
terms. In other words, if one wishes to modify the above
form of the Born Term Model, one must do it in such a
way that the cancellation persists.
It is reasonably straightforward to show that by mul-
tiplying each of the diagrams by a different momentum
dependent function, the only possible way to ensure gauge
invariance is to set all of these functions equal. In other
words, if gauge invariance is preserved for the amplitude
iMµ, it will also be preserved for the amplitude f×[iMµ],
where f is a general momentum dependent function. It
is this result which is essential to understand the VGL
Model’s implementation of gauge invariance, and is the
reason we described the Reggeization of the amplitude a
multiplicative operaton. Recalling that it is possible to
write the Reggeized amplitude as
iMµR = Spi−1F (pt)SpiR(pt)
[
iMµBTM
]
, (16)
it should be clear that the Reggeized amplitude is still
gauge invariant. Finally, the structure of the pion is incor-
porated by multiplying the Reggeized amplitude by the
pion form factor Fpi(Q
2). We thus arrive at the VGL
Model matrix element:
iMµVGL = iMµRFpi(Q2). (29)
By writing the VGL Model amplitude in this form, it
is easy to see why gauge invariance is preserved; it is a
consequence of the underlying Born Term diagrams which
arise from a gauge invariant Lagrangian. This completes
our discussion of the VGL Model. In order to determine
whether this somewhat unnatural approximation leads to
any inconsistencies in the extracted form factor, we will re-
peat the Fpi analysis in a simple model whose form factor
we can calculate exactly. This will allow us to determine
how well one can reconstruct the pion form factor.
6. A Toy Model of Pion Electro-production
We have now seen how the VGL Model preserves gauge
invariance. In order to determine the consequences for
the extracted pion form factor, we will examine how well
the approach works in a simple toy model, where we can
calculate the form factor and cross section exactly. Our
criteria for a suitable model is twofold;
1. it must be gauge invariant and
2. the nucleon and pion must have different form fac-
tors.
A suitable model for this is Miller’s simple model of
the nucleon’s electromagnetic form factors, described in
Ref. [19]. In this simple model, we consider a quantum
field theory describing the interaction of a scalar ‘nucleon’
and scalar ‘pion’. To be clear, we define a scalar ‘nucleon’
doublet ΨN
ΨN =
[
ψp
ψn
]
, (30)
and a scalar ‘pion’ triplet pi
pi =
pi+pi−
pi0
 , (31)
where pi+ = (pi1 − ipi2)/
√
2 and pi− = (pi1 + ipi2)/
√
2 we
may write the Lagrangian as
L =1
2
(∂µΦN )
2 − 1
2
m2NΨ
2
N +
1
2
(∂µpi)
2 − 1
2
m2Npi
2
− gpiNΨ†Nτ · piΨN ,
(32)
where τ is the isospin vector. Gauging the Lagrangian
leads to electromagnetic interactions between the charged
particles in the theory. We are interested in (scalar)
γ∗ + p → pi+ + n. In order to preserve gauge invariance,
we calculate one-loop corrections to the tree level cross
6
section. Since gauge invariance is preserved order-by-order
in perturbation theory, the resulting theory will certainly
be gauge invariant. At one loop, we have 13 diagrams
we must evaluate, plus 6 counter terms. We show these
diagrams below in Fig. 6.
Explicit expressions for these diagrams are given in Ap-
pendix B. Since we are calculating this model at one loop
order, divergences appear which we must absorb into the
definitions of our couplings and masses. We use the on-
shell renormalization scheme:
Σ(p2)
∣∣
p2=m2
=0 , (33)
d
dp2
Σ(p2)
∣∣∣∣
p2=m2
=0 , (34)
lim
q→0
(−ie)Γµ(p, p′) =(−ie)2pµ . (35)
Amaldi, Fubini and Furlan in Ref. [20] provided the details
of the relationship between the hadronic matrix element
and the differential cross section, decomposed in terms of
the longitudinal, transverse and interference terms. We
use the Mathematica package FeynCalc [21, 22] to de-
termine our final expression for these structure functions,
and then perform the loop integrals using QCDLoop [23].
6.1. Form Factors in the Toy Model
As a first check, we can examine the form factors gen-
erated by the loop corrections in this model. As one might
predict, the corrections to the form factors generated by
the inclusion of the loop diagrams are quite small. Since
we are requiring the one-loop diagrams to contribute all
the Q2 behavior, this is problematic. In order to rectify
this, we have chosen to change the coupling which controls
the strength of the loop corrections, as well as the masses
of the particles propagating in the loops. In other words,
we take mN → m′N , mpi → m′pi and gpiN → g′piN in the
loop integrals only.
Clearly from the point of view of a consistent quantum
field theoretic calculation, this approach is incorrect. Note
however that since we do this consistently to each loop di-
agram, we preserve gauge invariance in this approach. As
we are interested in the toy model only from the point
of view of determining how well one may extract the pion
form factor, rather than attempting to produce a fully con-
sistent calculation, we believe the results are qualitatively
meaningful.
Our chosen parameters are given in Table 1. We se-
lect parameters to ensure a reasonable separation between
Fp and Fpi and also so that Fpi falls off slower than Fp,
as occurs in nature. Since we wish to describe the pion
form factor with a monopole form factor, it is important
to check that this is a good approximation. We find that
the model form factor is well described for a monopole
mass parameter of Λ2pi = 5.56 GeV
2. This fit is shown in
Fig. 7.
With the free parameters in our model chosen, we may
proceed to calculate the cross section and attempt to ex-
tract the model pion form factor.
gpiN mN mpi g
′
piN m
′
N m
′
pi
1.4 0.94 0.14 20 0.7 0.71
Table 1: Tree level and loop parameters used in this study. All
parameters are in units of GeV.
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2
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Figure 7: Comparison of predicted electromagnetic form factors with
parameterizations of the pion and nucleon form factors from data.
In principal, there is also a neutron form factor, but due to the
chosen mass parameters (m′N ≈ m′pi), the neutron form factor is
approximately zero (see Appendix B for details). We show the fitted
monopole form factor. The agreement between the true pion form
factor and the monopole form factor is excellent.
7. Extraction of Pion Form Factor
The Fpi Collaboration reports the pion electromagnetic
form factor for eight kinematic points, so in our first analy-
sis, we attempt to extract those same points (see Table 2).
We follow a simplified version of their analysis outlined
above in Sec. 3.3. We outline the steps of the analysis
here:
1. We calculate the loop corrected cross section, with
the form factors described in previous section. This
cross section is called pseudodata in the following
step. The model pion form factor, Fpi(Q
2) shown in
Fig. 7 is extracted from this cross section.
2. We generate pseudodata for a range of t values for
fixed Q2 and W (dashed green line in Fig. 8). As
with the Fpi Collaboration, we choose the range of
t to start near the minimum allowed value for the
chosen kinematics. Specifically, the cross section is
calculated between the minimum and maximum val-
ues of t measured (see Ref. [10] for explicit values).
3. We define our model to be the tree level matrix el-
ement, and incorporate the pion form factor as a
multiplicative factor to the amplitude. This mirrors
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(a) (b) (c) (d) (e) (f)
(g) (h) (i) (j)
(k) (l) (m)
Figure 6: Diagrams contributing to γ∗ + p → pi + n. We list first all s-channel diagrams, all t-channel diagrams, both u-channel diagrams
and the single box diagram.
the approach in the VGL Model. Thus our matrix
element is
iMµ = iMµBTMFpi(Q2). (36)
4. We fit our model to the pseudodata to obtain our
best fit for the parameter Λ2pi. This value of Λ
2
pi cor-
responds to the extracted pion form factor (solid blue
line in Fig. 8).
5. We plot the resulting extracted pion form factors (see
Figs. 9, 10).
Q2 (GeV2) W (GeV) |tlow| (GeV2) |thigh| (GeV2)
0.35 2.10 0.010 0.040
0.60 1.95 0.025 0.074
0.70 2.19 0.030 0.250
0.75 1.95 0.037 0.093
1.00 1.95 0.060 0.140
1.60 1.95 0.135 0.255
1.60 2.22 0.079 0.215
2.45 2.22 0.145 0.365
Table 2: The Fpi Collaboration extracted the pion electromagnetic
form factor at 8 kinematic points. We will attempt to extract the
same 8 kinematic points.
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Figure 8: (Colour online) Fitting simplified model of cross section to
model cross section. Both the pseudodata (dashed green) and sim-
plified model (blue) sit over one another. The extracted Λ2pi is related
to the extracted pion from factor via Fpi(Q2) = (1 +Q2/Λ2pi)
−1.
8. Discussion of the Results
Examining the fitted model cross sections shown in
Appendix C, we can see that the agreement of the fit-
ted model cross section when compared with pseudodata
decreases slightly as we go to larger Q2. We note how-
ever, that with the exception of the (Q2,W ) = (1.6, 1.95)
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Figure 9: (Colour online) Extracted Fpi in our Toy Model, compared
with true model form factor.
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Figure 10: (Colour online) Percentage difference between our ex-
tracted form factor and the true model form factor. Note that a
positive difference corresponds to an overestimation of Fpi . Thus for
the kinematic points surveyed, the extracted form factor is overesti-
mated.
and (2.45, 2.22) kinematics, the disagreement between the
model and pseudodata is less than ten percent (see Fig. 10).
Given the current experimental uncertainties are of this
order, we conclude that the VGL model implementaion of
gauge invariance should model the cross section reasonably
well over the kinematic range examined. This conclusion
is borne out by the experimental data in Ref [7].
At low momentum transfer, we find that our extracted
form factor is in good agreement with the true form factor
in the toy model, although in general, we find a better
agreement for data points extracted at larger W . As the
momentum transfer increases, our extracted form factor
tends to become a slightly worse representation of the true
form factor. In particular, we note from Fig. 11, that the
extracted form factor appears to trend away from the true
form factor.
As noted in Ref. [10], the smallest kinematically al-
lowed absolute value of t, denoted |tmin| may be reduced
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Figure 11: (Colour online) Extracting the pion form factor near the
minimum kinematically allowed t value. Note that the agreement
between the true form factor and the extracted form factor worsens
sooner for the W = 1.95 GeV data, because |tmin| is larger. Thus
the pion photon interaction looks less like the on-shell pion electro-
magnetic form factor.
by measuring at larger W , or at smaller Q2. This is impor-
tant, as this reduces the distance that one has to extrap-
olate to in order to reach the pion pole. In other words,
for smaller absolute value of t, the pion photon interac-
tion which occurs in the t-channel looks more like the pion
electromagnetic form factor measured in elastic e− + pi+
scattering.
To verify our explanation, we extracted the model form
factor at W = 1.95 GeV and W = 2.2 GeV, for a range of
Q2 between 0 and 3 GeV2, using the method outline above.
The experimental data approximately spans the first five
percent of the allowed t range. We therefore attempt to
fit our model cross section to the pseudodata over the first
five percent of the allowed t kinematic range for the chosen
Q2 and W .
The results of this process are shown in Fig 11. As pre-
dicted, the agreement between the extracted form factor
and the model form factor are good for the large range of
Q2 when the W = 2.2 GeV data is used. This data clearly
shows the way the model form factor is being systemati-
cally overestimated for increasing Q2.
It is interesting to speculate about the way this re-
sult could carry over to the extraction of the real pion
form factor from real data. Indeed, if the relation be-
tween the extracted and true pion form factor remained
quantitatively the same, this would suggest (experimen-
tal uncertainties notwithstanding) that the extracted pion
form factor values are currently overestimated. This effect
- if observed - would imply that the ‘true’ pion form factor
was smaller, bringing the extracted pion form factor closer
to the asymptotic limit predicted by perturbative QCD.
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9. Conclusion
We began by discussing the theoretical drawbacks with
the implementation of gauge invariance in the VGL Model.
In particular, we discussed the unnatural factorization of
the pion form factor from the matrix element. We pro-
posed a simple toy model which we used to generate pseu-
dodata for pion electro-production. We followed the Fpi
Collaboration’s approach to extract the toy model’s pion
form factor, although we did not extrapolate to the min-
imum t value. The extracted pion form factor was com-
pared to the true form factor, and it was found that our
extracted form factor was in all cases larger than the true
form factor. If this result were to hold in the extraction of
the experimental pion form factor, it would suggest that
the extracted pion form factor is currently overestimated.
Although the present work was simplified by using only
bosonic fields, we believe that the results may provide
guidance concerning the role of a full implementation of
gauge invariance in the physical system. The extension of
the present work to the case of fermions is clearly a high
priority.
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Appendix A. Scalar and Vector Loop Integrals
We define the following loop integrals. qi are the ex-
ternal particle momenta, all understood to be entering the
diagram. Thus conservation of momentum is q1 + q2 +
q3 + q4 = 0. In the case of the vector three- and four-point
functions, we note that the sign of the external momentum
is important.
Scalar Two-Point Function:
B0(q
2
1 ;m
2
1,m
2
2)
=
∫
d4k
(2pi)4
1
[k2 −m21 + i]
1
[(k + q1)2 −m22 + i]
(A.1)
Scalar Three-Point Function:
C0(q
2
1 , q
2
2 , q
2
3 ;m
2
1,m
2
2,m
2
3)
=
∫
d4k
(2pi)4
1
[k2 −m21 + i]
1
[(k + q1)2 −m22 + i]
× 1
[(k + q1 + q2)2 −m23 + i]
(A.2)
Scalar Four-Point Function:
D0(q
2
1 , q
2
2 , q
2
3 , q
2
4 , (q1 + q2)
2, (q1 + q4)
2,m21,m
2
2,m
2
3,m
2
4)
=
∫
d4k
(2pi)4
1
[k2 −m21 + i]
1
[(k + q1)2 −m22 + i]
× 1
[(k + q1 + q2)2 −m23 + i]
1
[(k + q1 + q2 + q3)2 −m24 + i]
(A.3)
Vector Three-Point Function:
Cµ1 (q1, q2, q3;m
2
1,m
2
2,m
2
3)
=
∫
d4k
(2pi)4
1
[k2 −m21 + i]
(2q1 + q2 + 2k)
µ
[(k + q1)2 −m22 + i]
× 1
[(k + q1 + q2)2 −m23 + i]
(A.4)
Vector Four-Point Function:
Dµ1 (q1, q2, q3, q4,m
2
1,m
2
2,m
2
3,m
2
4)
=
∫
d4k
(2pi)4
1
[k2 −m21 + i]
(2q1 + q2 + 2k)
µ
[(k + q1)2 −m22 + i]
× 1
[(k + q1 + q2)2 −m23 + i]
1
[(k + q1 + q2 + q3)2 −m24 + i]
(A.5)
Making use of these definitions, we may write the loop
correction expressions.
Appendix B. Evaluation of Diagrams
We begin with the two tree-level diagrams. The
s-channel diagram is:
iM(a)µ = (−i
√
2gpiN )S
N
F (ps)(−ie)(p+ ps)µ. (B.1)
The t-channel diagram is:
iM(g)µ = (−i
√
2gpiN )S
pi
F (pt)(−ie)(pt + ppi)µ. (B.2)
The two s-channel vertex corrections are:
iM(b)µ =(−i
√
2gpiN )S
N
F (ps)
× (−ie)
[
ig′2piNC
µ
1 (p, q,−ps;m′2pi ,m′2N ,m′2N )
]
,
(B.3)
iM(c)µ =(−i
√
2gpiN )S
N
F (ps)
× (−ie)
[
2ig′2piNC
µ
1 (p, q,−ps;m′2Nm′2pi ,m′2pi )
]
.
(B.4)
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There are two self energy diagrams, corresponding to a
virtual charged and neutral pion respectively:
iM(d)µ =(−i
√
2gpiN )S
N
F (ps)
[
2g′2piNB0(p
2
s,m
′2
N ,m
′2
pi )
]
× SNF (ps)(−ie)(p+ ps)µ,
(B.5)
iM(e)µ =(−i
√
2gpiN )S
N
F (ps)
[
g′2piNB0(p
2
s,m
′2
N ,m
′2
pi )
]
× SNF (ps)(−ie)(p+ ps)µ.
(B.6)
The strong vertex is also modified by the loop corrections:
iM(f)µ =(−i
√
2gpiN )
[
ig′2piNC0(p
2
s, p
2
pi, p
′2,m′2pi ,m
′2
N ,m
′2
N )
]
× SNF (ps)(−ie)(p+ ps)µ.
(B.7)
There is one diagram which modifies the pion electromag-
netic vertex:
iM(h)µ =(−i
√
2gpiN )S
pi
F (pt)
× (−ie)
[
2ig′2piNC
µ
1 (pt, q,−ppi,m′2N ,m′2N ,m′2N )
]
,
(B.8)
and one self energy diagram:
iM(i)µ =(−i
√
2gpiN )S
pi
F (pt)
[
2g′2piNB0(p
2
t ,m
′2
N ,m
′2
N )
]
× SpiF (pt)(−ie)(pt + ppi)µ.
(B.9)
The t-channel strong vertex is also modified:
iM(j)µ =(−i
√
2gpiN )
[
ig′2piNC0(p
2, p2t , p
′2,m′2pi ,m
′2
N ,m
′2
N )
]
× SpiF (pt)(−ie)(pt + ppi)µ.
(B.10)
At tree-level, there are no u-channel diagrams, since the
neutron is neutral. However, quantum corrections mod-
ify the tree-level result. There are two corrections to the
electromagnetic vertex:
iM(k)µ =(−ie)
[
2ig′2piNC
µ
1 (pu, q,−p′;m′2pi ,m′2N ,m′2N )
]
× SNF (pu)(−i
√
2gpiN ),
(B.11)
iM(l)µ =(+ie)
[
2ig′2piNC
µ
1 (pu, q,−p′;m′2N ,m′2pi ,m′2pi )
]
× SNF (pu)(−i
√
2gpiN ).
(B.12)
Note that these come in with the opposite sign. Since we
choose m′pi = 0.7 GeV and m
′
N = 0.71 GeV, these two
terms have approximately the same magnitude, but oppo-
site sign. Thus the neutron’s effect on the cross section is
negligible. The single box diagram is:
iM(m)µ =(−i
√
2gpiN )(−ie)
×
[
− g′2piNDµ1 (p, q,−ppi,−p′,m′2pi ,m′2N ,m′2N ,m′2N )
]
.
(B.13)
Appendix C. Fitted Cross Sections
The Fpi Collaboration reported extracted pion form
factor values for eight kinematic points. In our first analy-
sis, we extracted the same kinematic points in our model.
This required us to fit out model cross section to the pseu-
dodata calculated using the loop-corrected cross section
for each of the eight kinematic sets (see Table 2). The fol-
lowing eight plots show the agreement between the pseu-
dodata, and our model cross section. In each case, the
extracted pion form factor shown in Fig. 9 is obtained by
evaluating the monopole form factor using the best fit for
the monopole mass Λ2pi.
We also include the calculated ‘strong’ (piN) form fac-
tor which one encounters in the t-channel process.
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Figure C.12: (Colour online) Strong form factor predicted in toy
model. Note that since we evaluate the cross section for small |t|,
the main source of t dependence in the cross section comes from the
t-channel propagator.
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Figure C.13: (Colour online) Comparison of fitted model cross section to pseudodata.
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